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Introduction
Variable-speed electric drives using multiphase machines have been known for a half of century. The interest in this area has been growing significantly during the last decade because of developments in some specific uses. The design, modeling and control methods in healthy and faulty modes are summarized and analyzed in [1, 2] . Better fault-tolerance from faults of the power converters is a main advantage of multiphase machines compared with conventional three-phase machines. Many strategies have been proposed to maximize torque with a certain copper loss ratio by determining appropriate current references when one or more phases of the machines are opencircuited.
In [3] , fault-tolerant control strategies for seven-phase machines using a vectoral multiphase description are verified with single and double open-circuit faults. However, these approaches have not considered constraints on current and voltage which play an important role in the sizing and cost of VSI. In addition, for wide speed-range applications such as electric vehicles, it is necessary to take into account fluxweakening strategies in the systems to guarantee machineconverter voltage limits. In [4] [5] [6] , the fundamental and thirdharmonic current components for the excitation in healthy stator phases are introduced for five-phase permanent-magnet motors with trapezoidal back-EMFs in open-phase faults but the flux-weakening operation has not been considered. In these studies, there are eight unknown variables in current expressions determined by Fmincon in MATLAB. By the same way, the seven-phase machines need more variables, which makes current reference calculations more complicated and less accurate due to sensitivity of Fmincon on the number of variables. In [7] , an interesting approach is proposed for 5-phase fault-tolerant PM machines by defining a weighting factor to adjust the degree of flux-weakening, which either optimizes copper losses in healthy operation or limits phase currents in case of open-circuit and short-circuit faults. Nonetheless, currents obtained by this approach contain high frequency components which limit the range of speed. A variable speed control method in [8] considering voltage and current limits is applied to a 5-phase permanent magnet synchronous generator with sinusoidal back-EMFs under healthy and faulty conditions, including flux-weakening operation. Authors in [9] have proposed different control strategies for odd and even phase sinusoidal machines in one opened-phase fault without considering maximum currents and voltages as well as the flux-weakening operation. New current references for the degraded mode ensure the same rotating magnetic field as in healthy mode. The strategies in [8, 9] are only introduced for sinusoidal back-EMF machines.
Several studies based on reduced-order Park and Concordia transformation matrices with the aim of preserving values of magnetomotive forces (MMFs) under single and double phase open faults have been introduced in recent years. A method in [10] only deals with sinusoidal back-EMF machines while the first and third harmonics of back-EMFs are considered in [11] , but only sinusoidal current references are imposed in those two papers, leading to uneliminated torque ripples. In [12] , both the first and the third harmonic current references are injected to trapezoidal back-EMF machines to generate free-ripple torques. Nevertheless, the strategies in [10] [11] [12] do not take into account constraints on voltage as well as the flux-weakening operation.
In this paper, control strategies for healthy and faulty cases are proposed to optimize the torque of a seven-phase axial flux brushless DC machine with double identical rotors under constraints on current and voltage. The first and third harmonics of back EMFs are considered; therefore, the first and third harmonic currents are imposed to generate torque. 
In case of one opened-phase fault, four different methods are introduced. When two phases are open-circuited, optimal torques are obtained by determining the first and third harmonics of current references in d-q frames.
The paper is organized as follows: Section 2 describes the modeling of the considered machine. The control strategies for different operating conditions are demonstrated in Section 3 and Section 4 gives numerical results.
Multi-phase Machine Modeling
The design of a seven-phase BLDC machine is proposed in [13, 14] with axial flux and double identical rotors. These following assumptions are considered to model the machine: 7 phases of the machine are equally shifted and wye-connected; the machine has trapezoidal back-EMFs; the saturation of the magnet circuits is not considered in the calculation of the backEMFs and the fluxes. The voltage vector and torque can be written as follows:
where ⃗, ⃗ and ⃗ are 7-dimensional stator voltage, current and back-EMF vectors, respectively; is the stator resistance of each phase; Λ is a 7 by 7 stator inductance matrix; is the torque and Ω is the rotating speed of the machine.
Concordia and Park transformations are applied to convert the machine into α-β and d-q frames. In these frames, the sevenphase machine is equivalent to 3 fictitious 2-phase machines (FM1, FM2 and FM3) and 1 zero-sequence machine [15, 16] . The harmonic characterization of the fictitious machines is described in [14] . FM1 is the main machine associated to the first harmonics and FM2 is the secondary machine representing the fifth harmonics. FM3 is the third machine with the third harmonics. Since the machine is wye-connected; therefore, the zero-sequence machine is not considered.
3 Control methods with constraints on current and voltage
Healthy mode
The machine under this study has trapezoidal back-EMFs. Besides the first harmonics, only the third harmonics of the back-EMFs are considered since their amplitude equals to about 19% of the fundamental harmonics while that of other higher harmonics is tiny (0.4%, 6.9%, and 6.2% for the fifth, seventh and ninth harmonics, respectively) [3] . Basically, there is no torque ripple in healthy mode, but a fault leads to torque ripples due to these high harmonics of the back-EMFs. However, since their magnitudes are very low, the created torque ripples are not considered. In healthy mode, using the first and third harmonics of currents gives optimal torquespeed characteristics with respect to the constraints on current and voltage. These currents are obtained by solving Equation (3).
where T is the transformation matrix in Equation (6) In healthy mode, as the system is balanced, equations for only one phase needs to be written. Constraints on current and voltage in phase a can be expressed in Equations (4-5). is based on the instantaneous peak currents during a short-time operation and it is related to VSI components. In addition, is also based on the maximum thermal currents depending on windings temperature. 1 , 2 , and 3 are mutual inductances between phase a and other phases of the machine. The strategy aims at determining current references ( 1 , 1 , 3 , 3 ) which guarantee the maximum torque and satisfy the constraints on voltage and current. In this section, four methods based on imposing the current references in d-q frames (methods (I-II) in Table 1 ) and in natural frame (methods (III-IV) in Table 1 ) are introduced. Their performances will be compared in the numerical result section.
One phase in open-circuit fault

Impose current references in d-q frames
Equations (7-10) describe relationships between currents in dq frames and in natural frame. 
Because of wye connected windings, new current references are required to respect Equation (11) .
However, there are only five Equations (7- 3 ′ in Equation (13) .
where
a 4 by 4 coefficient matrix as written in Equation (24) to find the current solution. From Equations (11) (12) , currents in phase f and phase g are determined as follows:
In Table 1 , method (I) is when only the first harmonics are used, 3 ′ and 3 ′ must be nullified ( 3 ′ = 3 ′ = 0). In case both the first and third harmonics of currents are imposed to optimize the torque, we have method (II).
The optimization of torque for each value of the rotating speed must satisfy constrains on current and voltage in Equations (16) (17) . 
Impose current references in natural frame
Another method for one open-circuited fault is proposed to improve the torque production. New current references in the natural frame are expressed in Equations (18-23). The first and third harmonic current vectors at initial point ( = 0) are shown in Fig. 1a . 
where 1 is the peak value of the first harmonic currents; is the ratio between the third and first harmonics of the currents; , and are constant initial phase angles of phase b, c and d respectively determined by the method in [9] ; 1 and 3 are adjustable angles of the first and third harmonics of currents; is the electrical speed of the machine.
The proposed current references have the same amplitude with the objective to obtain equal copper losses in the healthy phases. The above references of currents also satisfy the assumption of the wye connection because the sum of all instantaneous currents is zero. If only the first harmonics of phase currents are used, is set to be zero, we have method (III) in Table 1 . Otherwise, method (IV) in Table 1 imposes both harmonics of currents, the waveform of each heathy phase current is like the corresponding experimental back-EMF as shown in Fig. 1b . This similarity allows the machine to produce the maximum torque. Magnitude ( 1 ), ratio ( ) and phase angles ( 1 , 3 ) are estimated by Fmincon in MATLAB. Then, these current references can be converted into d-q frames by using Concordia and Park transformations. 
As the machine is wye connected, the sum of healthy phase currents must be zero. There are 5 equations for 5 unknown currents, hence the solution is unique and determined by solving Equations (30-31). 
Two non-adjacent open-circuited phases
Due to the regular circular distribution of the phases, there are 2 cases of two non-adjacent opened phases in the seven-phase machine: phase a and c displaced by 4 /7; phase a and d displaced by 6 /7. Constraints on current and voltage must be respected as in the previous case.
a) Phase a and c are open-circuited
When phase a and c are open-circuited, new current references are determined according to Equations (34-37) and the assumption about the wye connection. 
Like the previous case, the new phase currents will be determined by solving Equations (38-39). 
The new phase currents are obtained by solving Equations (46-47). is a 4 by 4 coefficient matrix as written in Equation (41) to find the current solution.
Numerical Results
The torque optimizations under constraints are implemented by using Fmincon function in MATLAB. Parameters of the converter and seven-phase BLDC machine are shown in Table  2 . In this machine, the amplitude of the third harmonics of back-EMFs equals about 19% of the first harmonics. The converter is supplied by a DC bus voltage of 200V with the maximum peak current of 7.5A. Thus, the constraints are carried out with Vmax=100 V and Imax=7.5 A. In Fig. 2, a Table 1 ) compared to the healthy mode are presented. In Fig. 3 , the optimal torque in healthy mode is 74.5 Nm. When phase a is opened, method (I) produces an average torque equal to about 50% of the healthy mode while that of method (II) is slightly higher with 58% due to the presence of the third harmonics of current references. Method (III) imposing only the first harmonics of currents in natural frame gives an average torque equal to 68% of the healthy torque. By applying both harmonics of currents in natural frame, the torque by method (IV) is highest and equal to 80% of the healthy mode. In Fig. 4 , torque ripples of (I) and (II) are zero like the healthy mode since constant currents in d-q frames are imposed. Besides, method (III) has 13% torque ripples while that of method (IV) is only 7% and remains unchanged in the whole range of rotating speed including the flux-weakening region. In Fig. 5a , average torques in the case of double open-phase faults (a-b, a-c and ad) equal approximately 42%, 24% and 34% of the healthy one, respectively. Although only two phases over seven phases are open-circuited, the torques decrease more than 50% due to the constraints on current and voltage. Power-speed characteristics in all operation modes are illustrated in Fig. 5b . Fig. 6 Table 2 : Electrical parameters of the converter and machine. 
Conclusions
The paper has proposed control strategies for a seven-phase BLDC machine with trapezoidal back-EMFs. The methods enable the system to work properly with optimal torques in healthy or faulty modes, including the flux-weakening operation. The constraints on current and voltage defined from parameters of the machine-converter system are respected. In faulty cases, by imposing constant currents in d-q frames ( 1 ′ , 1 ′ , 3 ′ and 3 ′ are constants), it is simple to control the machine. However, the fifth harmonic components ( 5 ′ and 5 ′ ) are inconstant and must be tracked properly. Imposing the first and third harmonic of currents in natural frame cannot ensure a zero-torque ripple, unless a compensation in d-q frames by using inverse components is applied. Analytical formulations have been presented for all operation modes in this study. The system is simulated by MATLAB to verify the usefulness of the proposed control strategies. In future, these methods would be validated by experimental tests.
